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In this note we show that a harmonic quasiconformal mapping f = u + iv with respect
to the Poincaré metric of the upper half plane R2+ onto itself such that v(x, y) = v(y) or
u(x, y) = u(x) is a conformal mapping.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let (Mm, g) and (Nn,h) be two Riemannian manifolds with metrics g =∑mi, j=1 gij dxi dx j and h =∑nα,β=1 hαβ dyα dyβ ,
respectively. Suppose that f :M → N is a C2 mapping. The energy density of f is deﬁned by
e( f ) = 1
2
m∑
i, j=1
n∑
α,β=1
gijhαβ
∂ f α
∂xi
∂ f β
∂x j
, (1.1)
and the tension ﬁelds of f = ( f 1, f 2, . . . , f n) are given by
τα( f ) = M f α +
m∑
i, j=1
n∑
β,γ=1
Γ αβγ ( f )
∂ f β
∂xi
∂ f γ
∂x j
gi j, (1.2)
for α = 1,2, . . . ,n, where {Γ αβγ } are the Christoffel symbols of N . Then f is called a harmonic mapping if τα( f ) = 0 for
all α = 1,2, . . . ,n (see [2] or [3]). When M and N are two Riemann surfaces the harmonicity of f depends only on the
target metric h, and we say that f is a harmonic mapping with respect to h. If a harmonic mapping with respect to h is also
quasiconformal then we call it a harmonic quasiconformal mapping with respect to h.
In 1990s, when studying the problems about harmonic diffeomorphisms Schoen [8] posed the following
Schoen conjecture. The harmonic quasiconformal mapping with respect to the Poincaré metric of the upper half plane R2+ onto itself
are parameterized by the set of quasisymmetric homeomorphisms of the real axis R onto itself.
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metric does not change the harmonicity and quasiconformality, we can assume that the solutions to the Schoen conjecture
always ﬁx the inﬁnity point.
The uniqueness part of the Schoen conjecture has been proved by Li and Tam (see [4]). The existence one is partially
solved by conﬁning to some given classes of mappings, such as mappings which boundary homeomorphisms with non-zero
energy densities are in C1 [4], mappings which ∂¯-energy densities are ﬁnite [6], mappings which Hopf differentials have
ﬁnite Bers norms [10] and mappings which are C2-Teichmüller mappings [1]. But this conjecture is still open until now.
Recently, Kalaj and Pavlovic´ [7] proved
Theorem A. Let f = u + iv be a harmonic quasiconformal mapping of R2+ into itself with respect to the constant metric. Then the
following assertions are equivalent.
(a) f is a quasiconformal mapping of R2+ onto itself.
(b) There are positive constants c and M such that v(y) = cy, and 1/M  ux  M and |uy| M for all z ∈ R2+ .
(c) f is a bi-Lipschitz mapping of R2+ onto itself.
Theorem A shows that every harmonic quasiconformal mappings of R2+ onto itself with respect to the constant metric
belongs to the class of mappings which imaginary parts are only in y.
Corresponding to harmonic quasiconformal mappings with respect to the Poincaré metric, we naturally pose the follow-
ing
Question. Whether does there exist a solution to the Schoen conjecture among the class of mappings which imaginary
parts are functions only in y?
Li and Tam [5] constructed a family of harmonic mappings f = u + iv of R2+ onto itself with respect to the Poincaré
metric as follows
u(x, y) = x, v(x, y) = 1
a
sinh(ay),
for any a > 0. We note that these mappings are in the class of mappings which imaginary parts are only in y but they are
not quasiconformal.
Shi, Tam and Wan [9] formed a class of harmonic quasiconformal mappings f = u + iv of an inﬁnite horizontal strip
onto itself with respect to the Poincaré metric as follows
u(x, y) = αx+ ϕ(y), v(x, y) = ψ(y),
where ϕ and ψ are two proper functions. It is clear that these mappings are in the class of mappings which imaginary
parts are only in y but their domains and ranges are not R2+ .
In this note we will prove that the answer to the above question is negative unless f = u + iv is a conformal mapping.
In fact we get
Theorem 1.1. Suppose that f = u + iv is a harmonic quasiconformal mapping with respect to the Poincaré metric of R2+ onto itself. If
v(x, y) = v(y) then f = c(x+ iy) + b, where c > 0 and b is a real number.
This note is organized as follows. In Section 2 we will give some preliminary lemmas for the proof of the above theorem.
We ﬁrst simplify the tensor ﬁelds of f in the case that M and N are two Riemann surfaces with conformal metrics (see
Lemma 2.1). Next, we prove that if u(x, y) = u(x) then f = u + iv is a solution to the Schoen conjecture if and only if
f = c(x + iy) + b, where c > 0 and b is a real number (see Lemma 2.2). Last, when the imaginary parts of harmonic
quasiconformal mappings with respect to the Poincaré metric of R2+ onto itself are functions only in y, we obtain some
characterizations of such class of mappings (see Lemmas 2.3 and 2.4).
In Section 3, using the lemmas given in Section 2 we give a proof of Theorem 1.1.
2. Preliminary lemmas
In this section we will give four preliminary lemmas for the proof of Theorem 1.1. Next we ﬁrst simplify the tensor ﬁelds
of f by Lemma 2.1 when M and N are two Riemann surfaces, and the metrics g and h are chosen to be two conformal
metrics σ(z)|dz|2 and ρ(w)|dw|2 correspondingly.
Denote by ∇0 and 0 the Euclidean gradient operator and the Euclidean Laplacian operator, respectively.
Lemma 2.1. If f = u + iv is a harmonic mapping with respect to ρ|dw|2 of M onto N, then the tensor ﬁelds of f satisfy
τ 1( f ) = 1
{
0u + 1
[
∂ρ (|∇0u|2 − |∇0v|2)+ 2∂ρ 〈∇0u,∇0v〉
]}
= 0 (2.1)σ 2ρ ∂u ∂v
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τ 2( f ) = 1
σ
{
0v + 1
2ρ
[
∂ρ
∂v
(|∇0v|2 − |∇0u|2)+ 2∂ρ
∂u
〈∇0u,∇0v〉
]}
= 0. (2.2)
Proof. Let (gij) and (hβγ ) be the metric density matrices of M and N , respectively. If f = u + iv is a harmonic mapping
of M onto N then by (1.2) it follows that
τ 1( f ) = Mu +
2∑
i, j=1
2∑
β,γ=1
Γ 1βγ g
ij ∂u
β
∂xi
∂uγ
∂x j
= 0 (2.3)
and
τ 2( f ) = Mv +
2∑
i, j=1
2∑
β,γ=1
Γ 2βγ g
ij ∂u
β
∂xi
∂uγ
∂x j
= 0, (2.4)
where (gij) be the inverse of (gij), and Γ αβγ , α,β,γ = 1,2 is the Christoffel symbol of the metric density matrix (hβγ )
(see [3]).
By the assumption that σ(z)|dz|2 and ρ(w)|dw|2 are conformal metrics of M and N , respectively, it follows that
g11 = g22 = 1
σ
, g12 = g21 = 0 (2.5)
and
h11 = h22 = ρ, h12 = h21 = 0. (2.6)
By (2.6) we get
Γ 111 =
1
2ρ
∂ρ
∂u
, Γ 112 =
1
2ρ
∂ρ
∂v
, Γ 121 =
1
2ρ
∂ρ
∂v
, Γ 122 = −
1
2ρ
∂ρ
∂u
(2.7)
and
Γ 211 = −
1
2ρ
∂ρ
∂v
, Γ 212 =
1
2ρ
∂ρ
∂u
, Γ 221 =
1
2ρ
∂ρ
∂u
, Γ 222 =
1
2ρ
∂ρ
∂v
. (2.8)
From (2.5), (2.7) and (2.8), the relations (2.3) and (2.4) can be written as
τ 1( f ) = 1
σ
{
0u + 1
2ρ
[
∂ρ
∂u
(|∇0u|2 − |∇0v|2)+ 2∂ρ
∂v
〈∇0u,∇0v〉
]}
= 0
and
τ 2( f ) = 1
σ
{
0v + 1
2ρ
[
∂ρ
∂v
(|∇0v|2 − |∇0u|2)+ 2∂ρ
∂u
〈∇0u,∇0v〉
]}
= 0. 
Particularly, if M and N are the upper half planes with Poincaré metrics 1
y2
|dz|2 and 1
v2
|dw|2, respectively, then (2.1)
and (2.2) can be simpliﬁed as
τ 1( f ) = y2
[
0u − 2
v
〈∇0u,∇0v〉
]
= 0 (2.9)
and
τ 2( f ) = y2
[
0v + 1
v
(|∇0u|2 − |∇0v|2)
]
= 0. (2.10)
Lemma 2.2. Suppose that f = u + iv is a harmonic quasiconformal mapping with respect to the Poincaré metric of R2+ onto itself. If
u(x, y) = u(x) then f = c(x+ iy) + b, where c > 0 and b is a real number.
Proof. If u(x, y) = u(x), then from (2.9) and (2.10) we have
u′′ − 2u
′vx = 0 (2.11)
v
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vxx + v yy + 1
v
(
u′2 − (vx)2 − (v y)2
)= 0. (2.12)
Assume that vx 	= 0 holds. Then from (2.11) and the assumption that f ﬁxes the inﬁnity point, there exists a positive
function ϕ(y) such that
v2 = u′(x)ϕ(y) (2.13)
and
lim
y→+∞ϕ(y) = ∞. (2.14)
By (2.13) we have
vx = ϕu
′′
2v
, v y = ϕ
′u′
2v
. (2.15)
Hence from the above two equations we get
| f z¯|
| f z| =
|2u′/ϕ 12 − ϕ′u′ 12 /ϕ + iu′′/u′ 12 |
|2u′/ϕ 12 + ϕ′u′ 12 /ϕ + iu′′/u′ 12 |
. (2.16)
From (2.14) and (2.16) it follows that
u′′ = 0.
Otherwise, limy→+∞ | f z¯ || f z | = 1, it is a contradiction to the fact that f is quasiconformal. So by (2.15) we have vx = 0 but this
contradicts the above assumption.
Therefore we have vx = 0. Then from (2.11) and (2.12) we obtain
u′ = c (2.17)
and
v ′′ + 1
v
(
c2 − v ′2)= 0. (2.18)
By (2.17) and the fact that h is a homeomorphic mapping of the real axis R onto itself, we get
u(x) = cx+ b,
where c is a positive constant and b is a real number. From (2.18) and the fact that v(0) = 0 and limy→∞ v(y) = ∞ it
follows that
v(y) = cy or v(y) = c
a
shay. (2.19)
If v(y) = ca shay then
lim
y→∞
| f z¯|
| f z| = limy→∞
∣∣∣∣ c − v
′
c + v ′
∣∣∣∣= 1.
This contradicts the fact that f is a quasiconformal mapping. Hence v(y) = cy. Therefore f = c(x+ iy) + b. 
Lemma 2.3. Suppose that f = u + iv is a harmonic mapping with respect to the Poincaré metric of R2+ onto itself. If v(x, y) = v(y),
then either
uy = 0 (2.20)
or
v(v ′2 − vv ′′)
v ′
uyy
uy
− v(v
′v ′′ − vv ′′′)
2v ′
= 2(v ′2 − vv ′′ − u2y). (2.21)
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by (2.9) and (2.10) we have
uxx + uyy = 2
v
uy v
′ (2.22)
and
(ux)
2 + (uy)2 = v ′2 − vv ′′. (2.23)
Differentiating (2.23) in x and y we get
uxx = −uy
ux
uyx (2.24)
and
uxy = v
′v ′′ − vv ′′′
2ux
− uy
ux
uyy . (2.25)
Hence from (2.24) and (2.25) it follows that
uxx + uyy = v
′2 − vv ′′
u2x
uyy − v
′v ′′ − vv ′′′
2u2x
uy .
If uy 	= 0 then by (2.22) we have
v(v ′2 − vv ′′)
v ′
uyy
uy
− v(v
′v ′′ − vv ′′′)
2v ′
= 2(v ′2 − vv ′′ − u2y). 
Lemma 2.4. Suppose that f = u + iv, v(x, y) = v(y) is a harmonic quasiconformal mapping with respect to the Poincaré metric
of R2+ onto itself. Then there exist two positive constants M1 and M2 such that
1
M1
 y
v
ux  M1,
1
M2
 y
v
v ′  M2. (2.26)
Proof. Let f = u + iv be a harmonic quasiconformal mapping with respect to the Poincaré metric of R2+ onto itself, where
v(x, y) = v(y). From the deﬁnition of the energy density (1.1) and (2.23) we have
e( f ) = 1
2
y2
v2
(
u2x + u2y + v2y
)= y2
2v2
(
2v ′2 − vv ′′).
Thus e( f ) is a function only in y. By a result of Wan [10] there exists a positive constant M such that
1 e( f ) M. (2.27)
Since f is quasiconformal there exists a constant k with 0 k < 1 such that
|μ f |2 = e( f ) − (ux y/v)(yv
′/v)
e( f ) + (ux y/v)(yv ′/v)  k
2.
From the above relation and the fact that (ux y/v)2  2M and (v ′ y/v)2  2M , there exist two positive constants M1 and M2
such that
1
M1
 y
v
ux  M1,
1
M2
 y
v
v ′  M2. 
3. Proof of Theorem 1.1
Using the above lemmas, we will give a proof of Theorem 1.1 in this section.
Proof of Theorem 1.1. Let f = u + iv , v(x, y) = v(y) be a harmonic quasiconformal mapping with respect to the Poincaré
metric of R2+ onto itself. From the relation (2.23) and the ﬁrst inequality in (2.26), we know that the inequality
v ′2 − vv ′′ > 0 (3.1)
holds for every y ∈ (0,+∞).
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v(v ′2 − vv ′′)
v ′
ϕy + 2e2ϕ = 2
(
v ′2 − vv ′′)+ v(v ′v ′′ − vv ′′′)
2v ′
. (3.2)
Let
g = log(v2√v ′2 − vv ′′ )
and
ψ = g − ϕ.
Thus, Eq. (3.2) can be simpliﬁed as
ψy
e2ψ
= −2v3v ′.
By integrating the above equation in y, it follows that
ψ = −1
2
log
(
c(x) + v4),
where c(x) is a function of x. So we obtain
ϕ = log v
2
√
v ′2 − vv ′′√
c(x) + v4 ,
that is,
u2y =
v4(v ′2 − vv ′′)
c(x) + v4 . (3.3)
Let L y0 = {(x, y0) | x ∈ R} be a horizontal line. From the relation (3.3) we know that if the inequality u2y > 0 holds for
some point (x0, y0) ∈ R2+ then it holds for every point (x, y0) ∈ L y0 . Thus by Lemma 2.3 we have that if the relation uy = 0
holds for some point (x0, y0) ∈ R2+ then it holds for all points (x, y0) ∈ L y0 .
We claim that if there is a point (x0, y0) ∈ R2+ satisfying that u2y(x0, y0) > 0, then there exists a strip domain S such that
(x0, y0) is an interior point of S and the inequality u2y > 0 holds everywhere on S . Otherwise, there exists a point sequence
{(x0, yn)} ⊂ S satisfying that limn→∞ yn = y0 and uy(x0, yn) = 0. Then by the fact that uy ∈ C1 we have
lim
n→∞uy(x0, yn) = uy(x0, y0) = 0,
which contradicts the assumption that u2y(x0, y0) > 0.
If there is a strip domain S such that the inequality u2y > 0 holds everywhere on S , then the inequality u
2
y > 0 holds
everywhere on R2+ . Otherwise, by the above claim we know that the relation uy = 0 holds for every boundary point (x, y1)
of S , where 0 < y1 < +∞. Using the relation (3.3) and the fact that u, v ∈ C2 we obtain
lim
S(x0,y)→(x0,y1)
u2y =
v4(y1)(v ′2(y1) − v(y1)v ′′(y1))
c(x0) + v4(y1) = u
2
y(x0, y1).
From the relation (3.1) we know that u2y(x0, y1) > 0. This contradicts the fact that uy(x0, y1) = 0.
Thus we can conclude that either
u2y =
v4(v ′2 − vv ′′)
c(x) + v4
holds everywhere on R2+ , or
u2y = 0
holds everywhere on R2+ .
Next suppose that
u2y =
v4(v ′2 − vv ′′)
c(x) + v4
holds everywhere on R2+ . From (2.23) we have
u2x =
c(x)(v ′2 − vv ′′)
4
. (3.4)c(x) + v
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y
v v
′  M2. Hence,
v(1)y1/M2  v(y) v(1)yM2 , (3.5)
for a suﬃcient large y. Therefore, when y tends to inﬁnity there exists a positive constant β such that v(y) = O (yβ). Thus
by (3.4) it follows
lim
y→+∞
y2
v2
u2x = 0,
for each ﬁxed x. This contradicts the fact that 1M1 
y
v ux  M1 at Lemma 2.4.
Thus the equality uy = 0 holds everywhere on R2+ , that is, u(x, y) = u(x) on R2+ . By Lemma 2.2, we know that f =
c(x+ iy) + b, where c is a positive constant and b is a real number. 
Remark. Suppose that a quasisymmetric homeomorphism h of the real axis onto itself satisﬁes that h(−∞) = −∞ and
h(+∞) = +∞, then the conformal mapping of R2+ onto itself with boundary value h is only of the form c(x + iy) + b,
where c is a positive constant and b is a real number. Hence, by Lemma 2.2 and Theorem 1.1 we have that if u(x, y) = u(x)
or v(x, y) = v(y) then f = u + iv is a solution to the Schoen conjecture if and only if f is of the form c(x+ iy) + b.
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